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SUMMARY

A queueing system has restricted accessibility if not every customer is admitted to the system. For such a system
the admittance of a ¢ustomer will in general depend on the state of the queueing system at the moment of his arrival.
In this paper queueing models will be studied for which the accessibility depends on the actual waiting time of the arriv-
ing customer. Various queueing situations encountered in the allocation of memory equipment for information pro-
cessing systems may be described as a single server queueing system with restricted accessibility; the mathematical
models for the involved storage problems belong to queueing theory and are discussed in the present paper.

1. Introduction

A queueing system has restricted accessibility if not every customer is admitted to the system.
For such a system the admittance of a customer will in general depend on the state of the queue-
ing system at the moment of his arrival. A system with a limited number of waiting places is a
typical example of restricted accessibility. An arriving customer who finds all waiting places
occupied is not admitted (cf. Cohen [1]).

In this paper we shall consider several single server queueing models with accessibility
depending on the actual waiting time of the arriving customer.

Lete,, n=1,2, ..., denote a sequence of independent, nohnegative and 1dent10a11y distributed
variables with distrlbutlon function A("); 7,,n=1,2, ...,is another sequence of independent, non-
negative and identically distributed variables with distribution B(-). It will be assumed that
the families {6,,n=1,2,...} and {r,,n=1,2, ...} areindependent families of stochastic variables.

6, ., is the 1nterarr1va1 time between the nth and (n+1)th arriving customer, while z, is the
service time of the nth arriving customer. It is further assumed that

A(0+)=0 and B(0+)=0.
The Laplace-Stieltjes transforms of A(t) and B(t) are defined by

)= " eaa@,  pio) - f e #dB(), Rep=0.

Denote by w, the total amount of work still to be handled by the server at the moment of arrival
of the nth customer. Let K be a positive constant.

In the first model to be studied (model I) the  th arriving customer is admltted to the system
if and only if

w,< K. (1.1)

If the customer is admitted he waits for service, and service is in order of arrival. If the customer
is refused, however, it is assumed that he never returns. Assuming that w, =0, the model I is
described by the set of recurrence relations: for n=1,2, ...,

Wiy =[w,+1,—0,.,]" if w,<K,
:[wn_a.::+1]+ if anK, (12)

W1=0.
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The second model to be studied (model II) differs from model I in so far that the condition
(1.1) is replaced by
w,+1,< K. (1.3)
Again assuming that w, =0 this model is described by the relations: forn=1, 2, ...,
Woy1=[Wott,—0,4i]" if w,+1,<K,
=[w,~6,.1]" if w,+1,2K, (1.4)
w, =0.

Other models with restricted accessibility are obtained if the constant K is replaced by a sto-
chastic variable.

Let {u,,n=1,2, ...} denote a sequence of independent, nonnegative and identically distri-
buted variables, and assume that this family of variables is independent of the families {s,,
n=1,2,...} and {r,=1,2,...}.

Model I11 is obtained from model I by replacing condition (1.1) by

w,<u,, (1.5)
so that for this model: for n=1,2, ...,
Woipr = [Woett,—0a, (] i w,<u,,
=[w,~6,+1]" it w,>u,, (1.6)
w, =0.
For model IV the condition (1.3) is replaced by
Wpt T, < U, (1.7)
so that for this model: for n=1,2, ...,
Wiy =W+t~ ]" if wotT,<um,,
= [Wa—6,41]" if w,2+t,2u,,
w; =0.

In section 2 we shall study model I for «(p) and B(p) both rational functions of p. The time de-
pendent solution and stationary distribution are discussed. In section 3 we shall discuss model I
for M/G/1 and particularize for M/M/1 and M/D/1. The case G/M/1 may be discussed along
the same lines. Model II is first discussed for o(p) and f(p) rational functions in section 4,
particular results are given for M/M/1, while for M/D/1 such results are presented in section 5.
Finally, model III is discussed in section 6, but only for M/M/1. Model IV is not discussed in
- this paper.

2. Model 1

For model I we have for n=1, 2, ..., (cf. (1.2)),

Wop1 = [wn+1n_6n+1]+ if w, <K,
= [W,,—G'"+1]+ if an K » (2.1)

W1 _ 0 .
Hence for Re p=0,

E{exp(—pw,s)lwi =0} = E{exp(—p[w,+7,—6,:1]7)(w, < K)|w; = 0}
+E{exp(_p[wn_an+1]+)(wng K)lwl = 0} > (22)
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where for an event 4 we denote by (A) the indicator function of that event, so that

w,<K)=1 if w,<K,
=0 if w,2K.

Since by definition :

[x]*=0if x<0, =xif x>0,
we have
o L 1 1y
PN = —— + = )e"™dy, Rep>Ren>0, (2.3)
2 le\ o

where we use the notation

"e+i6
f...dnzlimﬁ ...dn with e¢=Reqy.
Cq

o0z Jg—id

Assuming that a(p) exists for Re p=0—, and noting that w,, 7, and @, are independent, it
follows from (2.2) and (2.3) for Re p>Re £=0+,

~ E{exp(—pwn+1)lw =0} :51?1' L: <p—i—€ + %)
E{exp [ & (w43~ )]sy < K)lwy =0} e
<3l (72 2)
E{exp [ &0, 100, 2 K)oy =0} 2
- Lz (555 +¢)x(-am
E{exp (—w,) (0, < K)o, =0} d¢

1 {1 1
*’zﬂ%(;r:*z)“(“f)

E{exp (—&w,)(w, = K)lw, =0} d¢ (24)
the reversal of integration and expectation is easily justified. Define for |¢| < 1,
y(r, p) = Y, " E{exp(—pw,)(w,<K)lw; =0} ,
n=1
8,1, 0)= Y, 7 Efexp(—pw,)(w,2K)w, =0}, Repz0,
n=1
@ (1, p) = D:(r, p) + Dy(r, p)= ), 1"E {exp(—pw,)lw; =0}, Repz20. (2.5)
n=1
It follows from (2.4) for |r] < 1, Re p>Re {=0+,
¥ 1 1
D)+ 0alrp) = 5 | (Zp+3) HO(-O 00 e
i Jo \p=¢ ¢
(2.6)

¥ 1 1
— —— + = Ja(= &) D, (r, E)dE+T.
| (G5 g)xameo
Since for |r] < 1, @,(r, p) is an entire function of p, ®,(r, p) is analytic for Re p=0 and
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oo}

lim @,(r,p)= ) rPr{w,=0|w,=0}, —in<argp<in,

[p[=e0 n=1
lim @,(r,p)=0, —in<argp<inm, (2.7
lpl— 0

it follows that for || <1, Re p>Re £=0+,

. ULWLé){l—m(—z)ﬂ(z)}aa(r, e

2mi Jo \ p—¢

1 1 1

S —— 4+ S {1=ra(=&)} ,(r, &)d& . (2.8)
27i Lé(pwf ﬁf)

To obtain the solution of (2.8) it will be assumed for the present that o(¢) and S(¢) are rational
functions, i.e.

a1 (p) Bilp)
= > ﬁ = ’

o) "0 paie) 29)
where a;(p), @, (p), B1(p) and B,(p) are polynomials in p. Let m denote the degree of a,(p), and
n the degree of f; (p), then a,(p) and f; (p) have a degree at most equal to m—1 and to n—1,
respectively, since 4(0+)=B(0+)=0.

From Rouché’s theorem applied to the function of p,

L—ra(—p)B(p) with <1, (2.10)

it follows easily that this function has exactly m+n zero’s 6;(r), j=1, ..., m; &(r), i=1, ..., n.
These zero’s are continuous functions of r for [ £1, and for |r| <1,

a(p)

Reg(r)<0, i=1,..,n; Re §;(r)>0, j=1,...m. (2.11)
Define for |[r|£1,
vi() = min Red;(r), v,(r)= max Reglr). (2.12)
15jsm 1Zisn

For || <1, f(r, p) and g(r, p) are two polynomials in p of degree m—1 and n— 1, respectively.
These polynomials are uniquely determined by the condition that for |r| <1, the m+n zero’s
of (2.10) are also zero’s (and the only zero’s) of

pf(r, p)
oy(—p)
Defining for |rj <1,

1—ra(~p)B(p)
_ﬂ1 (p—&i(r)

i=

1—ra(~p)B(p)
[[1 (p—03;(r))

we shall show that the polynomials f(r, p) and g(r, p) are also determined by the following
integral relations. For v,(r) >Re ¢ >0,Re £ >Re p, [r| < 1,

__n=nH(p) | orhfe 1 dE
flop ===, {st-0-rnt-0 538 S+ gy

(2.14)

+ {ay(—p)—ro(—p)} gﬂ(:z:))e""‘+r, Irl<1. (2.13)

H_(r,p) = B2(p) »

H (r,p) = a(—p),

and for v,(r) <Re n<0, Ren<Rep, Ir|<1,
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4. p) = ﬁz(p)Hf(r, p)j {nf(r, n o, r} oK dn 1 .

2mi Je, Laa(—p) Ho(r,n) n—p oy(=n)—ra;(—n)
For g(r, p)a polynomial in p it is easily seen from (2.14) that f(r, p) is a polynomial in p of degree
m—1, and similarly from (2.15) it follows that g(r, p) is a polynomial of degree n—1 if f(r, p)
is a polynomial. The integral in (2.14) is equal to the sum of its residues at its poles &=4§;(r),
j=1, ..., apart from a factor — 1. Evaluation of this iniegral in (2.14) and taking p= d(r). -

(2.15)

"

j=1, ..., mleads to the condition (2.13) for p=06;(r), j=1, ..., m. In the same way (2.13) leads to
the condition (2.13) for p=¢,(r), i=1, ..., n. Note that a,(—#) —ra,(—#) has for |r| < 1 no zero’s
with Re #<0.

Next we shall prove that for |r] <1,

) = 1 AP o) i
24 0) l—ra(—p)ﬁ(P){az(—p)Jr(Z( Pl (=) gy e +}’
D,(r, p) = —ay(—p) gﬁ(:zi))e“’", Re p<0, (2.16)

is a solution of (2.8). Substitution of (2.16) into (2.8) and noting that f8,(p) and «,(— p) have no
zero’s for Re p= 0 and Re p £0, respectively, yields for [r| <1, Re p>¢{=0+,

Lo ! L = (ay(—p) —ro, (— 90 p) o~ px r
%L <;)_—E+E>{1“r“(—f)ﬁ(€)}¢1(r, §)de = (z(—p)—ray (—p)) 5 S

i | (5 + 1) i ra(= ) e e = (ool (o) S

p—¢
Hence the expressions (2.16) satisfy (2.8).

It remains to prove that @(r, p) and @,(r, p) as given by (2.16) are indéed the generating
functions defined by (2.5).

From (2.5) it follows that for |r| <1, @,(r, p) should be analytic for Re p =0, while @,(r, p)
is an entire function of p of exponential type and order one. E {exp(—pw,)|w,< K} is the
Laplace-Stieltjes transform of a distribution of a variable which is bounded to the left by zero,
and from the right by K, whereas E{exp (— pw,)|w, = K} is the transform of a distribution of a
variable which is bounded to the left by K. I'hese latter properties lead via (2.5) to properties
of &, (r, p) and &, (r, p). It is readily verified that &, (r, p) and P, (r, p) as given by (2.16) possess
the properties they should have on behalf of (2.5).

It is not difficult to prove that &, (r, p) and ®,(r, p) as given by (2.16) have series expansions
in r which are convergent for |r| < 1, and which satisfy the set of recurrence relations (2.4). The
solution of the system (2.4) is unique, since E {exp (—pw,)Iw,=0} determines E {exp (— pw,)
(wo< K)} and E{exp(— pw,)(w, = K)} uniquely. Consequently, (2.16) represents the generating
function of the solution of the set of equations (2.4). (For more details on the proof cf. also
Cohen [1], ch. I1L,4.)

3. Model I for M/G/1

In this section we take with & >0,

Al)=1-e"", >0,
=0 t<0,
so that

a(p)

1
= , Rep> ——.
L+ap o

Hence, m=1 and f(r, p) is independent of p. We define
fO=fp), I<l.
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From (2.13) we have for |r} <1,

——1‘5 l_(l)gl(zr)) + (1—r—ad,(r) *__gﬁ(:’( ;11((:)))) exp(—6, (N K)+r=0. (3.1)
From (2.15) it follows for v,(r)<Re 1 <0, Renn<Re p, |r| <1,

g(r,p) _ 1—ap—rf(p) ), 1 n=8:() e’ dy

Balp) — 2mi{p—0,(r)} L{ T—ay }1~an—rﬂ(n) l—r—an n—p ¢2)

In (3.2) we take p =4, (r) and replace the path C, by A4, (see figure). Of the poles of the integrand

, |
1 1
‘ A Imq i
A |-r 1
E @ a i
! A
f 1
\\ |
""""""""""""""" """"“"""""‘\I |
o
| I
e 05 P
! J
R S |
! ]
[ P
! E I
: Mmoo ~ R S \ Rem
, ' |
]
AA,_] ’
By A
b :
1 ¥ I

in (3.2) with p=4,(r) which are at the righthand side of C, only the pole #=4,(r) is at the left-
hand side of 4,.
It follows from (3.2) and (3.1) that

nK
LI E .,
2mi Ju, (1—om l—an—rf(n) 1—r—an

rf e"® dn

2ni ), 1—an—rf(n) 1—r—an

- - x 7> =<1, (3.3)
i J4 1—an 1—an—rf(n) 1—r—an

Consequently, (3.2) and (3.3) determine f(r) and g(r, p), and hence (cf. (2.16)) the functions
@4 (r, p) and @,(r, p), i.e. for B(p)a rational function of p the solution for model I has been ob-
tained. Since in the derivation of the integral equation (2.8) no use has been made of the assump-
tion that B (p) is a rational function of p, and since it is readily verified that for general §(p) the
functions @, (r, p) and @,(r, p) determined by (3.2) and (2.16) also satisfy the integral equation
(2.8), it follows easily that the solution obtained is valid for general service time distribution B(t).

Hence f(r)= —
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In (3.3) we replace the path A, by the path B, (see fig.). On B, we have Re # > 0, and the point
n=1/x is at the righthand side of this path, while for all |r{ < 1 the points (1—r)/« and §,(r)
are always at its lefthand side.

It follows for {r| <1,

1—r el nK/a N (1—7)r j ek dn
70 = —a 1-B{(1—r)/a} o 2ni l—an—rf(n) 1—r—an <1
1—r 1—r e~ nKf L@ j (I—an)™'n e*dyp ° ’
1-g{(1=r)/a}  ar? 27i Jp, 1—an—rB(n) 1—r—an
(3.4)

f(r) is analytic for |r] < 1. From (3.4) it is not difficult to prove that (1 —r)f(r) has a series ex-
pansion in r which is convergent for |r| < 1. From (2.16) it follows for p real, [r| <1,
lim &,(r, p) = _10) = > r"Pr{w,=0|w,=0}.

o n

p—r w0 =1
By using the Abelian theorem for generating functions we obtain

f0) 1

lim Pr{w,=0{w,=0} = 1,1?11 (1_,)___& =

g a=h

n— o 1 . L 4[
2mi Je, (1—an){l—an—pB(n)} (3.5
for a1 >Ren>d,(1). It is easily proved that for r11, lim 6,(r)=6,(1)<a™ ™.
Denote by n the number of customers which have arrived during a busy period, then

fr) _ E{™}
- TroEpy M .
From (3.6) it is easily found that for «~*>Re #>5,(1),
a e™adny
=1 - — . 3.7
S I = == o

From (3.2) and the results obtained above it is easily shown that (1—r)g(r, p)/B,(p) has a
limit for r11. We define

f=lim(A=nf@), g(p)=lim(1=r)glr, p)/Bale). (3.8)

If a<1then 6,(1) =0. Since no pole of the integrand in (3.2) crosses the path C, for r11 it follows
from (3.2) if a<1,
1—ap— 1 e™® d
o) = =% Blo) 1 (S _n n_ (39)
p 2ni Jo, —a 1—an 1—an—PB(n) n—p
forRe p=0,Rey=0—.
If a=1, we rewrite (3.2) as (cf. derivation of (3.3)),

glr,p) _1—ap—rB(p) 1 j{rzf(r) +r}n—p+p—51(r) e dn

Balp) — p=01() 2mi | 1—om L—an—rB(y) 1—r—an n—p
1 nf(r) 1 e dn
= {I1—ap—1B(p) 3 L,,{Fom + r} ) 17— 7—p

e(1 —r}K/a 1

1y
= {1—ap—rB(p)} l:{‘gff(r)+r} r{1—=B((1—r)/a)} 1—r—ap +

1 1 nK d
S “ _u]
27i Jp, (1—an l—an—rB(H) 1—r—on n—p

with Re p sufficiently large, ie. on B, we have Re # <Re p.
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Tt follows that for a1, «~'>Re n>48,(1), Re p>Re 1,

g(p)= —{1—ap—P(p)} [31; {1 + g} - % L _ia l_lml_;iﬂ(n) nd_”p] . (3.10)

From the relations for f(r) and g(r, p) found above, the expressions for ®,(r, p), @,(r, p) and
®(r, p) may be obtained, and it is not difficult to prove that E {exp(—pw,)|w, =0}, E {exp
(—pw,)(w,<K)|w, =0} and E {exp(—pw,)(w,=K)|w;=0} have limits for n—»oo (cf the
derivation of (3.5)).

1t is found for Re p=0 that (cf. (2.16)),

l'_u’n E{§XP(—Pwn)(Wn<K)|W1 =0} = I—_a—zl):W{g — (l—ozp)g(p)exp(—pK)} ,
113?0 E{exp(—pw,)(w,=K)|w, =0} = —(1—ap)g(p)exp(—pK). (3.11)

Since we have from (3.11) for p=0,

-t s0f-g0-1,

l—ala
it follows
f 1—a
0)=—+ ——.
g0) =~ + — (3.12)

An interesting quantity is the “congestion probability”,

lim Pr{w,>2K|w, =0}.

Obviously
lim Pr{w,=K|w;=0}= —g(0)= _a—l{g + l—a}
- l—aj e"® odn
_ 27 (o l_aﬂl_aﬂ"—ﬂ(”) 5 (1)<Re;1<oz_1 (3 13)
{ a j e™® adn » ' :
2mi Jo, 1—an 1—an—B(n)

Next, we particularize some of the formulas derived above for negative exponentially distribut-
ed service times and for constant service time, respectively.

a) Negative exponentially distributed service time, M/M/1.
We now have with >0,

B(t)=1—¢"", t>0,

=0, t<0,
so that
1
=————1, Rep>—1/p.
Blo) =17, Rep>—1k
From (3.5) we obtain
. l—a
lim Pr{wn=0|w1=0} = 1—_(136—_(1—__‘-1)—1(/73, a;él . (314)
1 ,
= 5 T in? :17
3+ K/p ¢
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and from (3.13)
1 __aZG——(l*a)K/ﬂ

lim Pr{w,,<K|w1:0} = W, a#l,

n—oo

_2+K/B
T 34+K/B’

From (3.9) or (3.10) we obtain

a*(l—a) e U1-aK

g(P) = - 1+8p 1-a e (1-aKJ " (3'16)

From (3.14) and (3.16) we obtain (cf. (2.16)),

@,(p) = lim (1=r)@,(r, p)

a=1. (3.15)

1-a 1 _ —a
T i—gle Ak g, 14 {1+Bp—a*(1—ap)e”Per1=aKh} - pl< o0,

B, (p) = lim (1=1) @2(r, p)

. (1—ada 1—ap
T 1—ae KB [y,

P (p) = &,(r)+P,(p)

~(ﬂﬂ+1—a)K/ﬂ, Re p; 0 ,

1—a 1 1—ap _ _
= 1 —a® ——C e Wpt1-akip L 317
1—gde 1-aK/P ﬁp+1—a{ +ho—a 1+ 8p (3.17)
Hence
lim Pr{w,<wlw;=0} =0, K w<0,

1l—ge Q—awi§

:—_1—a3e“1"“’K/ﬂ’ O<w< K,

1 —(1-a —(w—a
= oA (1—ade A-9KB_g(] —gpe™ (v ok}
, >.

b) Constant service time, M/D/1. wzk. (.18)
For this case

B(p)=e""*.
Since

K
e’ — K+ D) 1 1
C(l=anp)(1—on—e~") l—oan—e ™™ 1—anj’

it follows from (3.5) and (3.13) for Re # >6,(1),

. 1

lim Pr{w,=0[{w, =0} = ,

et 1— ij erk+p 44

2ni Jc, 1—oan—e "
L4 l—a CE+D) odn

. 27 e l—ap—e™

lim Pr{w,2K|w,=0} = : . (3.19)

oo (- 4 j AE+D) odn

2ni e, 1—on—e "
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For a< 1 denote by w a stochastic variable with distribution the stationary waiting time distri-
bution of the single server queue M/D/1. It is well known that for this case

ap

————— Rep=0. 3.20
e PP roap—1 ©r= (3.20)

Efexp(—pw)} =(1—a)

Using the inversion formula for the Laplace-Stieltjes transform it follows that for Re #>0,

Pri{w<x} = LL

2mi

nx —
e (}ﬂ a)an dn x>0,
, noe tan—1

=0, x<0.
Hence, from (3.19) we have if a<1, so that d,(1) =0,

1—a

lim Pr{w,=0|w; =0} = 1—aPr{w=K+p}’

n—w

(1—a) Pr{w=K+f}

iﬂ Pr{w,2K|w;=0} = =2 Priw=K+f]° (3.21)
Obviously, the last relation represents the congestion probability.
4. Model II for M/M/1
For this model the mathematical formulation is given by

Wor1 = [Wo+1,—0,..]" if w,+1,<K, (4.1)

=[W"—'G"+1]+ if wn+1n;K’
forn=1,2,.... We shall always take
Wl = 0 . (4.2)
From (4.1) and (4.2) it follows that for n=1,2, ...,
w, < K with probability one. (4.3)
It follows that
E{exp(_pwn+1)iw1:0} = E{exp(_p[wn+1n+an+1]+)(wn+1n<K)|w1:0}
+E {eXp(—p[W,,—d'n+1]+)(W,,+Tn; K)l wy =0}
= E{exp(_p[wn_dn+1]+)(wn+1ngK)lw1=0}

+E{(exp(_p|:wn+1n—an+1]+)
—exp(=p[w,—6ps1]7) (W, +7,<K)lw,=0}.  (44)

In the sequel it will be assumed always that o(—¢&) exists for Re £=0+. From (4.4) we obtain
for Re p>Re £=0+, Re =0+,

11

1
Blesp(=pmpedlwi=0) = [ (= + ) a(= O E(exp(—wiwi =0
2mi chﬁ (P—é é)
1 1 1
s |, (e + 3] - oFtemi—tenre

—exp (—&w,))(wp+1,< K)|w, =0}d&

1 1 1
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1 1 1 dé | exp(n(K—w,—1,))
* z—Hz——g * 2)“(‘@%ch E{ ”

{exp(-c(wm))—exp(—cw,,mwl:o}dn
Ay

)= E foxp(—tmlws =0

1 1 1 dé ( ek

il (5 ¢ 05m ], 5 sy
x E{exp(—(E+mw,)|wy=0}dn . (4.5)

In the derivation above we used the fact that w,, z, and ¢, ; are independent; the reveisal of
integrations and expectation operator E is easily justified.

We may now iniroduce the generating function 2., 7" E {exp(—pw,)|w, =0} and derive
from (4.5) an integral equation for this function. For oc( ) and B(p) rational functions of p it

seems possible to solve this integral equation, however, the solution is very intricate. We shall
restrict the discussion, therefore, to the simplest case:

1 1
o = , =,
| (0) Trap Bp) Ty
For this case the time dependent solution is still intricate and we shall therefore discuss only
the stationary solution of the problem. Using a method as described in Cohen [ 1], ch. III, 4 it
may be shown that

J\(|>—k

Rep20. (4.6)

lim Pr{w,<w|w,=0}
exists and that it is a proper probability distribution (cf. also Afanas’eva and Martynov [2]).
Define
®(p) = lim E {exp(—pw,)|w, =0} . (47)
Below we shall determine the function @(p). The method to be used may be applied also if
a(p) and B(p) are rational functions of p.
For the stationary solution of the problem the integral equation (4.5) applies with E {exp
(—pw,+1)|w; =0} replaced by &(p). Using (4.6) we obtain for Re p>Re >0, Re {<a™,
Re n=0+,

LGl Do

b e ! }z
1—aé 271:1'L" n (L+Bn)(1+ (E+n)B) P (E+n)dn

With
a=fpj/a and =1,

we obtain for Re y=0+, Re p>Re ¢ >0,Re é<a™ !,

1 p 1 a [ e* 1 1 } 3
%Lﬁmrz/—a[q’“) “sail, oy e T AE =0 @

From (4.3) it follows that @ (p) is an entire function of p of exponential type and order one;
moreover,

lim &(p)e”® =0 in<arg p< 14m,

lp|—=

lim ®(p) =constant, —in<argp<in. (4.9)
lo|=
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Hence, by contour integration, for Re p>Re >0, Re {<a,
1 1 1 1+¢é—a ae (1+OK a _ ]
— &) — ——P(—1) + e XP(¢—1) |dE=0.
2ni Lﬁ p—c‘fl—é/a[ g PO ey 2D e el &
Again by contour integration

l+p—a ae +PK a _ } 1
Pl =2 (1) + Le o)l
{1+p ) =7y $CU e e irn

1 ge-(1taK i . il
— P - ——— D(—1)+e K P(a— 0. .

+§1+ad§(a) i+ a) P(—1)+e *d(a )}p—a (4.10)
The relation (4.10) must be valid for all finite |p| since ®(p) is an entire function. Note that

p=0 and p=—1 are no singular points of (4.10). Hence

1+p—a a _ ae (1+oK
(p) + —e XP(p—1) — ——
1—p ( p -1 plp+1)

where C is a constant, ie. independent of p. Since the coefficient of ¢ (p) is zero for p=a—1,
it is seen that the general solution of (4.11) will have a singularity at p=a—1. &(p) should be
an entire function, however, ie. the constant C should be chosen such that the solution of
(4.11) has no singularity at p=a—1.

®(—-1)=C, (4.11)

Defining
_a 1+p _aeTUTaK _ 14p
p(”)"pa—p—1° , q(p)—;a_p_l, r(p)—a_p_l,
we have
P(p)=p(P)2(p—1)—q(p) 2(-1)~r(p)C. (4.12)

From (4.12) we obtain
P(p) = —q(p) D(=1)—r{p)C+p(p)[—alp~1) #(=1)=r(p~1)C+p(p—1) P(p-2)],
and for n=0, 1,2, ...

¢(p)=l—<157(“ [ +"ilq —il_[p —J]

nt1 nt+1
~C [r(p) + X rlp—i) Z p(p—j)] + l’[op(p—j)dj(p~'n—2)- (4.13)
i=1 =0 j=
Since J‘ ’
j=0p = p—i+1;, a—l——p+j’
)=de E(p+1)
,Ho G JDoa 1 ~p+j*
11—[1 _a;+1e—(1+p)K 1 1 ( +1) ﬁ 1 4.14)
UL plo—)) p—i p—ir1) TV LTI, W
and since on behalf of (4.9),
n+1i
lim [ p(o—j)@(p—n—2)=
n~wo j=0

it follows from (4.13),
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© i—-1
#()=~(-1)[ a9+ % ato=)T] 2o~
i= Jj=
© i—1
[ + 2 =911l —j)] - (4.15)

Inserting the relations (4.14) in (4.15) yields

¢(p)= (1+p)K{ 1+p) go%r(a;(ﬁ;:;)fgﬁ‘]”
o) i e F(a;(!;_—l,)igﬂ)' (4.16)

The constant C is determined by the condition that @(p) should be an entire function.
Taking in (4.16) p=a—1 the condition that @ (p) is an entire function yields

C=et~B-ac™ g (1), (4.17)
with C given by (4.17) it is readily verified that @ (p) has no poles for finite |p|.
The norming condition requires
o0)=1,
and by this condition @(—1) is determined. It follows

-1

&(—1) H ;i a:;}e-"—eﬂﬂ-")—”"‘iaie*""g%—g], (4.18)

i=0

for a# 1. From (4.16) we obtain for the probability that an arriving customer has zero waiting
time
lim Pr{w,=0[w,=0}=C. (4.19)
The probability of congestion is given by
lim Pr{w,+7,2K|w,=0} =1~1lim Pr{w,+7,<K|w,=0}.

n— o n— o

Using the inversion formula for the Laplace-Stieltjes transform we obtain for Re p>0, by
noting that @(p) is an entire function,

1 [ e o(p)
i = =0}=1-— d
:ﬂ Pr{w,+7,2K|w, =0} =1 i L o 1+ p

1 K
=1 ——.j —?——di(—l)e““"”‘dp
P

2mi (p+1)
1 epK 3 a ~(1+p)K _  a—iK
_%J p ;a p—1).. (a—p+i—1){¢(~1)e( H-Cen
=d(—1)e k. (4.20)

To obtain the stationary distribution W (x) we start from

1 e’
1= | & ,  Rep<O,R ~1.
W (x) e L, 5 @(p)dp ep< ep<a

It follows for 0<x< K, Rep<a-—1, Re p<0,
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W(x)—1 = 5% . S:;dp [45( DL
+(p+1)<15(—1)<3_‘1+"’K§0 (a_p_1),.ia—p+i—1)
—-(p+1)Ci§0 (a—p—l)cf.{.e(alip+i—1)j}
= “qj(‘l)e_x“@("l)e_xli(a—l) .C.li(a+z—1)
+o(-1) =2 e““”"‘“"{l * Z —,}
+¢(_1)9_;;—ieax—(a+1)1({ 2 — lai }
+¢,(_1)gj; (@+ )x— (a+2)K{_2 ;1 i #2'_1"111:2.“(1__2)}
+¢(_1)%%e(n+2)x—~(a:(-3)li{_____3._?—j2"_—:l_
+ ii _3‘- 7 —f-1-2...(i-3)}
Fo SN :
It follows
Wx)=1—a(- { + ﬁoafaaﬂl)
_e“+(a—1)(x“K){e“ﬂe+("_K’+ S (*'1)1 fjeﬂ(rmz} . (4.21)
, j=oa+j—1]j! J

Till now it has been assumed that a+ 1. Next we shall consider the case that a=1. We
rewrite the norming condition as follows '

{@(-Ne M1 =1 + a—fj{“ i(ﬁ—a“—‘“}

)...(@+i=1)

e(1'11)[(-(-11(1-~e‘K) ai—le'—iK
- 47X N O
a—1 { e Z (a+1).. (a—i—i—l)}

Letting a—1 and applying Hospital’s rule yieids
-k ‘1 9] ‘ @0 1
ey o 3 - ¥ Sl g
_ © (] —iK 0 —iK 1
_elt=c K){z Je e\i,—{%+...+?}}

+(K—1+e Kjel=™ Yy Z— |
Hence
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(B(—1)e M T =14e— Y %<1+ ot 11)

i=1%:

e , x © -—iK 1
_ell—e )<e—K-re Z {14_ 4 7}) + (K—1+e ¥)e.

Since (cf. Erdélyi, [3]),

Ei(—x)= — J t"le'dt =y+logx—e” Z %( 1),

it follows

(@(—1)eK}~1= 1+e+eEi(—1)—ey—e{e_K+Ei(—e‘k)—y+K} +e(K—1+e™¥)
=1+e{Ei(—1)—Ei(—e ¥)}.

Hence for a=1, note that we have taken here always f=1,
1
P(—1)e X = : , (4.22)
1+e j t~leTtdr

e K

C=e! "0~ %p(-1),
Itis of some interest to consider the probabilities lim Pr{w,=0|w;=0} and lim Pr{w,+7,>

K|w,=0} for K—o0. From (4.19), (4.20) and (4.52;0we obtain for Koo

P(—1)e ¥>0 , Co>1—a for a<l1,
=0 , -0 for a=1,
1
N - , —0 for a>1. (4.23)

1+Z

The last relation of (4.23) is of partlcular interest since it shows clearly the influence of con-
gestion on the behaviour of the queue with traffic intensity a exceeding one.

.la+i=1)

5. Model IT for M/D/1

For the present case the service time is constant and equal to f, while

Blp)=e"P.
Obviously, the case f>K is of no interest, since no customer will be admitted to the system.

Henceforth it will be assumed that K= .
Define

H=—K-§.
It then follows from (1.4) that
Wor1 = [Wotf—6,.,]" if w,<K-f=H,
=[w,—0,:1]" if w,2K-=H.
w;=0.

These relations, however, are identical with (1.2) if K is replaced by H. Hence for the present
case the results of section 2 and 3 can be used.
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We shall here consider only the probability that the system is empty at a moment of arrival
and the probability of congestion, both for the stationary situation.
Noting that

1 e 1 1
l—an—e " 1—on  l—an—e ™ 1—ap
it follows from (3.5) and (3.13) with K replaced by K —f that for Re n>9,(1),
1

tim Pr {w, =0/w; =0} = —— o (5.1)
1= %Lﬂ 1—oan—e
1+ 12;” enKl—aacfr_’e_ﬁn
lim Pr{w,+B2K|w, =0} = ¢ 1 : (52)
o0 {__@ j K ody
2ni e 1—oan—e~hn

Suppose for the present that a< 1 and denote by w a stochastic variable with distribution the
stationary waiting time distribution of the M/D/1 system. ’
It is well known that
- xp
E{exp(—pw)}—(l—a)m—l, Rep=0. (53)
Using the inversion formula for the Laplace—Stieltjes transform we have
1 J e™ (L—a)andy
¢

, Ren>0.
2mi Je, n e PMtan—1 o

Pr{w<x} =

Consequently, we may rewrite (5.1) and (5.2) as

1-a
lim = =0 = ——
lim Pr{w,=0[w, =0} |—aPr{w=K} ’
. (L—a)Pr{w=K}
> = == .
}1_{2) Pr{w,+p=K|w,=0} [aPrw=K) (54)

If a>1 then ¢, (1) >0 so that the integrands in (5.1) and (5.2) have a pole in the righthalfplane.
Using this fact it is easily derived from (5.1), (5.2) that for K~ co,

lim Pr{w,=0{w; =0} -1—a if a<i, (5.5)
-0 if a=21,

lim Pr{w,+p=K]|w;=0}->0 if ag1, (5.6)
-1 —-- if a>1

6. Model 111
For model IIT we have for n=1,2, ..., (cf. 1.6),

Wot1 = [w, 4+1,—6,41]" il w,<u,,
= + i >
[wn—O',H.l:I if Wp=HU,,

w;=0. - 6.1)
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For the distribution of u, we shall take here for alln=1,2, ...,

Priu,<t}=1-e"", t>0,¢>0,

=0, t<0.

From (6.1) we obtain for Re p =0, n=1,2, ...,

E{exp(—pw,.1)lw,=0} = E{exp(—p[Wa+T,— 6,1 1]7) (W, < u,)lw, =0}

+ E{exp(—p[Wp— 06,4117 ) (W, Z u,)|w,; =0}
= E{[exp(—p[wa+7,—6,:1]") —exp(~p[w,~0,.1]")]

+ E{exp(—p[#, =6, 1w, =0} (”"<"")'”1(62})
We have since w, and u, are independent by assumption

E{exp(—pw,)(w,<u,)} = ": E {exp(—pw,)(w,<u,)} d, Pr{u,<u}

{0 u
= [ exp(—pw)d,, Pr{w,<w}d,Pr{u,<u}

Ju=0 jw=0

o0

= ro exp(—pw)d,, Pr{w,<w}d, Pr{u,<u}

Jw=0

= nw()exp{—(p—l— > }dPr{w<w}

YW=

ol Getil] e

Assuming that «(0—) exists we obtain from (6.2) for Re p>Re ¢ =0+, n=1,2, ...,

1 1
E{exp(—pw,+1)|w; =0} = ZmJ <P ¢

17 1 1
+ P Jc,<;*_f + E>E{[exp(—§(w,,—l—‘t,.—d'n+1))
—exp(— (W, —0,41)) ] (W, < u,)| w, =0} dE, (6.4)

the reversal of integration and expectation operator is easily justified. Since w,, 7, 6,., and
u, are independent variables, it follows from (6.3) and (6.4) for Re p>Re {=0+,n=1,2, ...,

JE {exp(— ¢ (Wp— 0,4 1))|wy =0}dE

/*“I;_.

Eferp (- pmye )i =0) = 5 | (S5 + 3 (-0 Elexp( 2w =0}z
%

-3 ) <p15 2) (—é){l—ﬁ(é)}E{em <—<é+%>wn>lw1=0}dé- (65)
Defining for |r| <1, Re p=0,
®(r, p) = Y, r"E{exp(—pw,)w,; =0}, (6.6)

we obtain from (6.5) for |r|<1 Re p>Re £=0+,
1 1
- +ij (-1—+1 m(-g)a—ﬁ(g))qs(rul dE=r. (67)
2mi €y p—& ¢ ’ 4 . '
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From now on it will be assumed that the interarrival times have a negative exponential distri-
bution so that

, Rep>—§, a>0. (6.8)

Consequently, for | <1,Re p>Re {=0+,

1 p 1|, 1250 1) 1—r—a s ] -
2m_J’c§ p—él——aé[r : cb(r,é +o )+ 7 @(r, & : ridé O(. |
6.9

Denote by ¥ (r, &) the expression between square brackets in the integral of (6.9). Obviously,
¥ (r, &) is an analytic function of £ for |r| <1, Re £>0. Consequently,

_ e U _p p 1
- LE i T P(r, &)dé = T P(r, p) + ! /4 <r, a), (6.10)

since on behalf of (6.6) ®(r, &)=0(1) for |¢|— oo, |arg &| <37
Since (6.10) holds for all Re p >0, it follows for |r| <1,

r(1—B(p)) 1\  1-r—ap l—ap

with C () a function of r independent of p. From (6.11) we can determine & (r, p) and hence ob-
tain the time dependent solution. However, we shall restrict the discussion to the stationary
solution of the problem. On behalf of the results of Afanas’eva and Martynov [2] this stationary
solution exists. The method which we shall use to obtain the stationary solution can be also
applied for the determination of the solution of (6.11). Once this latter solution has been ob-
tained the existence of the stationary solution can be derived from it by applying the usual
techniques of renewal theory.
Since the stationary solution exists the following limits exist

def

B(p) = lim Efexp(— pw,)—w, =0} = lim (1=r)(r, p), Rep 20, (6.12)
def .
C = lrlgl (1-nClr). (6.13)

Consequently, from (6.11) for Re p=0,

1—-B(p)
p

1 .
cD<p +;>—— ad(p)=C. (6.14)
With

def

D= —-Clu
it follows from (6.14) for Re p=0,

¢@)=;§;@¢<p+%>+D

. 1—05)(;0) . l—of)(p) lz Ep;;? cp(p N %) (6.15)
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l—ﬁ(p)l_ﬁ<p+%>

_pli1=f0 ;
o o
p P <p BEAW
4
1 ! 1 | 2
g AL E) e +) 3
+ Dlp+—|,
ap 1) < 2) c
p+ - p+ -
¢ ¢
and so on.
Since
lim Pr{w,=0|w;=0} = lim &(p), l|argp|<in, (6.16)
n- o lpf~ o0
it follows from (6.14) for p real
lim &(p)=D, (6.17)
p
and hence from (6.15) for Re p =0,
®(p)=D<1 + Y [] ————==¢- (6.18)
i=0 j=0 (p + J_)
¢
The norming condition yields
°e] i 1__ﬁ<]_>
c
D l'=1+ % [] —=. (6.19)
i=0 j=0 Lo
j-
with
1“ﬁ<]2> def
— = Bla=a for j=0. (6.20)
I

The probability of congestion, i.e. the probability that an arriving customer is not admitted to
the system, is given by

lim Pr{w,>u,|w, =0} =j {l—e"F}d,, lim Pr{w,<w|w;=0}
n— o0 0- n— o -

§ 1 AU 621)

Next, we particularize the result obtained above for

1

5 £>0. (6.22)

Blp) =
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We obtain from (6.18) and (6.22) for Re p= 0,

e=pli+ 3 I il

=6 j=o (1+pP)c/B+j

« i+1 F(£(1+Pﬁ))
=1+ Y (fzf> b . Rep=0.

F<i+1+(1+pﬁ)

)

™0

We now have (cf. Erdélyi, [3], vol. 1),
© _a—tyji—-1
F(P) ZJ' et (1 € ) dt
I'(p+j) 0 r(j)
It follows

for j>0.

di(p):D{l +fﬁfrexp {—;—(1+ﬁp)t+9—( —e” )}dt} Rep20.

B

0

Denoting by W (¢) the stationary distribution of the waiting time, so that

W(t) = lim Pr{w,<t{w, =0}

n-w

it follows from (6.23),

W(it)=0, t<0,

tp
1+aj " exp {—u+(1——e’"”_"‘) a_c} du
_ 0 B

1+aj exp {—u+(1—e'"”/5) 2N gu
0 p

t>0.

H

In particular if f=c we obtain from (6.24)

t
W(ﬁt):D{]_l_aJ e~u+a(1—e-u)du}
0
=D{1ﬁaje_ e"(l—s)ds}
1

=De’' "¢, >0,
so that
D=e™% W(t)=e ="  t>0.

For the present case the probability of congestion is given by (cf. (6.21)),

feT*~(1—a)}a™t.
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